This paper focuses on the model of a class of nonlinear stochastic delay systems with Poisson jumps based on Lyapunov stability theory, stochastic analysis, and inequality technique. The existence and uniqueness of the adapted solution to such systems are proved by applying the fixed point theorem. By constructing a Lyapunov function and using Doob's martingale inequality and Borel-Cantelli lemma, sufficient conditions are given to establish the exponential stability in the mean square of such systems, and we prove that the exponentially stable in the mean square of such systems implies the almost surely exponentially stable. The obtained results show that if stochastic systems is exponentially stable and the time delay is sufficiently small, then the corresponding stochastic delay systems with Poisson jumps will remain exponentially stable, and time delay upper limit is solved by using the obtained results when the system is exponentially stable, and they are more easily verified and applied in practice.
Introduction
In nature, physics, society, engineering, and so on we always meet two kinds of functions with respect to time: one is deterministic and another is random. Stochastic differential equations (SDEs for short) were first initiated and developed by K. Itô [1] . Today they have become a very powerful tool applied to mathematics, physics, biology, finance, and so forth.
Currently, the study of analysis and synthesis of stochastic time delay systems, described by stochastic delayed differential equations (SDDE for short), is a popular topic in the field of control theory [2] [3] [4] [5] [6] [7] [8] . Delays in the dynamics can represent memory or inertia in the financial system [9] . Because the existence of time delay is the main reason about bringing instability and deteriorating the control performance, the study on time delay systems stability and control has important theoretical and practical values. Furthermore, it often happens in real lives that a stochastic system jumps from a "normal state" or "good state" to a "bad state, " and the strength of system is random. For this class of systems, it is natural and necessary to include a jump term in them. The effect of Poisson jumps should be taken into account when studying the stability of SDEs [10] [11] [12] [13] [14] [15] [16] . Therefore, except stochastic and delay effects, Poisson jumps' effects is likely to exist widely in variety of evolution processes in which states are changed abruptly at some moments of time, including such fields as finance, economy, medicine, electronics, and so forth. Then, it is natural to consider the effect of Poisson jumps when studying the stability of SDDEs.
So far, these topics have received a lot of attention and there are so many references about them. For instance, [2] [3] [4] [5] [6] [7] [8] established some stability criteria of the stochastic systems with delay by using Lyapunov function method or Razumikhin technique or inequality technique and so on. By using the fixed point theory and Borel-Cantelli lemma, Guo and Zhu [13] studied that the solution to a class of stochastic Volterra-Levin equations with Poisson jumps is not only existent and unique but also th moment exponentially stable. By constructing a novel Lyapunov-Krasovskii functional and using some new approaches and techniques, Zhu and Cao [14] focused on the exponential stability for a class of Markovian jump impulsive stochastic Cohen-Grossberg neural networks with mixed time delays and got several novel sufficient conditions. By applying a Lyapunov-Krasovskii functional, the stochastic analysis theory, and LMI approach, Zhu and Cao [15] investigated a class of stochastic neural networks with both Markovian jump parameters and mixed time delays and derived some novel sufficient conditions. In [16] , Zhu proposed several good sufficient conditions under which he proved the asymptotic stability in the th moment and almost sure stability of the SDEs with Lévy noise. Based on fixed point theory, Chen et al. [17] proved that the mild solution to a class of impulsive SPDEs with delays and Poisson jumps is not only existent and unique but also th moment exponentially stable.
Delay and Poisson jumps always coexist in real dynamic systems. Thus, it is reasonable to consider them together, leading us to investigate SDDEs with Poisson jumps. However, the delayed response gives us more difficulties to deal with the delayed stochastic control problems, not only for the infinite-dimensional problem, but also for the absence of Itô's formula to deal with the delayed part of the trajectory. So the stochastic controlled delay systems are more complicated. Because Lévy processes are not continuous, but their sample paths are right-continuous and have a number of random jump discontinuities occurring at random times, on each finite time interval. Since Lévy noise has more advantages than the standard Gausian noise despite its increased mathematical complexity, it is very interesting and challenging to study SDDEs with Lévy noise. There is little literature focusing on a certain class of this system, [14] [15] [16] [17] , that discussed the exponential stability of the trivial solution for this system, but these stable conditions only ensure the exponential stability of the respective solution and do not give a bound for the time delay , and Chen et al. pointed out that it is impossible to analyze the stability of mild solutions to SDDEs by Lyapunov method.
The main objective of this paper is to fill this gap. We investigate not only the exponential stability in the mean square but also the almost surely exponential stability for a class of SDDE with Poisson jumps based on Lyapunov stability theory, Itô formula, stochastic analysis, and inequality technique. We first consider the existence and uniqueness of the adapted solution by employing fixed point theorem. Next, some sufficient conditions of exponential stability and corollaries for SDDE with Poisson jumps are obtained by using Lyapunov function. By utilizing Doob's martingale inequality and Borel-Cantelli lemma, it is shown that the exponentially stable in the mean square of SDDE with Poisson jumps implies the almost surely exponentially stable. Our results generalize and improve some recent results (for instance [5] [6] [7] [8] [14] [15] [16] [17] ). In particular, our results show that if SDE is exponentially stable and the time delay is sufficiently small, then the corresponding SDDE with Poisson jumps will remain exponentially stable. Moreover, when the system is exponentially stable, the time delay upper limit is solved by using our results which are more easily verified and applied in practice. Our approach in the current paper is different from the above [14] [15] [16] [17] . Finally, we present a simple example to illustrate the effectiveness of our stable results.
The rest of this paper is organized as follows. In Section 2, we give the preliminary results about SDDE with Poisson jumps. Main results and proofs for SDDE with Poisson jumps are provided in Section 3. Section 4 presents a simple example to illustrate our stable results. Section 5 lists some concluding remarks.
Preliminaries
Throughout this paper and unless specified, we let ( ) = ( , ) be an -dimensional motion and̃( , ) = ( , ) − ]( ) which is the -dimensional compensated jump measure of (⋅)an independent compensated Poisson random measure on a filtered probability space (Ω, F, {F } 0≤ ≤ , ). ( , ) is the -dimensional jump measure and ]( ) is the Lévy measure of -dimensional Lévy process (⋅) and > 0.
We denote the notation | ⋅ | for the Euclidean norm. If is a vector or matrix, its transpose is denoted by . If is a square matrix, the trace of is denoted by tr( ) and then the operator norm of is denoted by ‖ ‖; that is, ‖ ‖ = √ tr( ). We also use the notation:
Suppose ( ) ∈ R is an Itô-Lévy process of the form
where ( ) = ( − ), R 0 := R /{0}, and > 0. Here :
× , are given functions such that for all , ( , , , ⋅), ( , , , ⋅), and ( , , , , ⋅) are F -measurable for all ∈ R , ∈ R and ∈ R 0 . In the following, we suppress the , for notational simplicity. The initial date ( ) = ( ) is satisfied with := { ( ) :
Now let us present an existence and uniqueness result for (1)- (2). First we let the maps ( , , , ⋅), ( , , , ⋅), and ( , , , , ⋅) satisfy the following conditions.
(H2.1) At most linear growth: there exists a constant 1 > 0 such that
for all ∈ R , ∈ R , where ( ) ∈ R is column number of the × matrix = [ ] and ( ) = is the coordinate number of ( ) , and
(H2.2) Lipschitz continuity: there exists a constant 2 > 0 such that
for all ∈ R , ∈ R .
Lemma 1 (see [18] ). For any real matrices 1 , 2 ∈ and a constant > 0, the following matrix inequality holds:
Theorem 2. Let (H2.1) and (H2.2) hold. Then for any
We present the proof of Theorem 2 which is left in Appendix.
To develop our theories and results, we need to introduce the following concepts. For stochastic system, exponential stability in mean square and almost surely exponential stability are generally used [7] . Definition 3. The trivial solution of (1)- (2) is said to be th moment exponentially stable. If there exists a positive constant such that lim sup
for any ∈ F 0 ([− , 0]; R ). Particularly, = 2; it is called mean square exponentially stable.
Definition 4.
The trivial solution of (1)- (2) is said to be almost surely exponentially stable. If there exists a positive constant such that lim sup
for any ∈ F 0 ([− , 0]; R ).
Main Results
For simplicity, in what follows we write ( ; ) = ( ). We make the following assumptions for the coefficients of (1)-(2).
In the study of mean square exponential stability, it is often to use a quadratic function as the Lyapunov function; that is, ( , ) = , where is a symmetric positive definite × matrix. (1)- (2) is exponentially stable in the mean square. Assume that there exists a symmetric positive definite × matrices and a constant > 0 such that
Theorem 5. Let (H2.1)-(H2.2) hold; then the trivial solution of
In order to prove Theorem 5, we need two lemmas, proofs of which are left in Appendix.
Lemma 6. Fix the initial data ( ) arbitrarily. Then,
for any ≥ , where 11 is a constant larger than
Lemma 7. Let (H2.1) and (H2.2) hold. Fix the initial data ( ) arbitrarily; then,
for any ≥ , where
Based on Lemmas 6 and 7 above, we now carry out a proof for Theorem 5. 
Applying Itô's formula to and taking the expectation, we have
where
Combining Lemma 1 and (9) as well as (H2.2), we can estimate 1 as follows:
where > 0 is a constant. By (H2.1), 2 + 3 of (17) yields
Substituting the above two into (17) and using Lemmas 6 and 7, we get an estimate of ( ) as follows:
for ≥ , where
Mathematical Problems in Engineering 5
For small enough > 0, we derive
If (10) holds, then we can choose > 0 small enough such that
Since is positive definite,
where min ( ) > 0 is the smallest eigenvalue of . Then,
It then follows from (21) that
This easily yields lim sup
Then (1)- (2) is exponentially stable in the mean square.
Theorem 8. Let > 0, under the same assumption as Theorem 5. If inequality (28) holds, then,
Proof. Let > 0, under the same assumption as Theorem 5. It follows from (27) that
for all ≥ . Here = 44 / min ( ). Then, for ∈ [ , ( + 1) ], = 2, 3, . . ., we have
Let 0 ∈ (0, ) be arbitrary. By Doob's martingale inequality. It follows from (31) that
Thus, it follows from the Borel-Cantelli lemma that, for almost all ∈ Ω, there exists 0 ( ), and ≥ 0 ( ),
Since 0 is arbitrary, we must have lim sup
Remark 9. The exponentially stable in the mean square of (1)- (2) implies the almost surely exponentially stable. In general, Theorem 8 is still true for th moment exponential stable.
Let us single out three important special cases.
Case 1. If = 0 and = 0 (no jumps), then (1)- (2) reduces to ODE with delay
Applying Theorem 5 to (35), we obtain the following useful result.
Corollary 10. Let (H2.1)-(H2.2) hold; then the trivial solution of (35) is exponentially stable in the mean square. Assume that there exists a symmetric positive definite × matrices and a constant > 0 such that
Case 2. If = 0 (no jumps), then (1)-(2) reduces to SDE with delay
Applying Theorem 5 to (38), we obtain the following useful result.
Corollary 11. Let (H2.1)-(H2.2) hold; then the trivial solution of (38) is exponentially stable in the mean square. Assume that there exists symmetric positive definite × matrices and a constant > 0 such that
Remark 12. The bound for the time delay when (1)- (2) is exponentially stable which follows from (10), the bound for the corresponding deterministic case follows from (37), and the bound for the corresponding stochastic case follows from (40).
Case 3.
If the time delay = 0, then (1)- (2) 
One of the powerful techniques employed in the study of the stability problem is the method of the Lyapunov functions or functional [19] . However, it is generally much more difficult to construct the Lyapunov functionals in the case of delay than the Lyapunov functions in the case of nondelay. Therefore another useful technique has been developed, that is, to compare the stochastic differential delay equations with the corresponding nondelay equations. To explain, let us look at a SDE (1) with delay and jumps?
Equation (1) can be rewritten as
and regard it as the perturbed system of the corresponding nondelay SDE (41). Obviously, if the time delay is sufficiently small then the perturbation term,
could be so small that the perturbed equation (1) 
Example
Let us now present a simple example to illustrate our results, which can help us find the time delay upper limit.
Example 1. For simplicity of presentation, let us consider a simple one-dimensional (i.e., = = = 1, thus, the indices and in Theorem 5 will be omitted below) delay equation with jumps
where ( ) is one-dimensional Brownian motion. Constants > 0 and > 0 is a given finite time delay. For convenience, let us choose = 1 in this one-dimensional case. Hence (9) is satisfied with ≥ 2.
Moreover, we let ( , , ) = − , ( , , ) = 0.5 − 0.5 and ( , , , ) = , ( , ) = ( ), ]( ) = ( ) , where ( ) is a Poisson process with jump intensity , ( ) is log-normal density: ( ) = (1/ √ 2 )
, , is mean of jump and is the variance of jump and ∈ , ∈ . Theñ ( , ) = ( ) − ( ) . Here we let = −0.9, = 0.45, and = 0.1. Then
One can write (45) as the following stochastic differential delay equation with jumps:
It is easy to see that hypotheses (H2.1)-(H2.1) are satisfied with 1 = 1.5, 2 = 1.5. On the other hand, it is easy to see that condition (9) is satisfied with = 8 and (10) becomes < 0.037.
Therefore, by Theorems 5 and 8, we can conclude that (47) is both mean square and almost surely exponentially stable provided < 0.037. Particularly, = 0; then (45) reduces to SDE with delay
It is easy to see that hypotheses (H2.1)-(H2.2) are satisfied with 1 = 1.5 and 2 = 1.5. On the other hand, it is easy to see that condition (9) is satisfied with = 8 and (40) becomes < 0.395. Therefore, by Corollary 11 and Theorem 8, we can conclude that (48) is both mean square and almost surely exponentially stable provided < 0.395.
Moreover, setting ( , , ) = − , ( , , ) = 0, and = 0, then (45) becomes
It is easy to see that hypotheses (H2.1)-(H2.2) are satisfied with 1 = 1 and 2 = 1. On the other hand, it is easy to see that condition (9) is satisfied with = 8 and (37) becomes < 2 √ 2. Therefore, by Corollary 10 and Theorem 8, we can conclude that (49) is both mean square and almost surely exponentially stable provided < 2 √ 2. 
Concluding Remarks
In this paper, we investigate not only the exponential stability in the mean square but also the almost surely exponential stability for a class of SDDE with Poisson jumps based on Lyapunov stability theory, Itô formula, stochastic analysis, and inequality technique. We first consider the existence and uniqueness of the adapted solution by employing fixed point theorem. Next, some sufficient conditions of exponential stability and corollaries for SDDE with Poisson jumps are obtained by using Lyapunov function. By utilizing Doob's martingale inequality and Borel-Cantelli lemma, we find that the exponentially stable in the mean square of SDDE with Poisson jumps implies the almost surely exponentially stable. Our results generalize and improve some recent results ( [5] [6] [7] [8] [14] [15] [16] [17] ). In particular, our results show that if SDE is exponentially stable and the time delay is sufficiently small, then the corresponding SDDE with Poisson jumps will remain exponentially stable. Moreover, when the system is exponentially stable, the time delay upper limit is solved by using our results which are more easily verified and applied in practice. Our approach in the current paper is different from the above [14] [15] [16] [17] . Finally, we present a simple example to illustrate the effectiveness of our stable results. Another challenging problem is to study a class of SDEs with variable delays and Poisson jumps. We hope to study these problems in forthcoming papers. 
Appendix
We now present proof of Theorem 2.
Proof of Theorem 2. Let us define a norm in Banach space where = ( − ). Define a mapping T :
We desire to prove that T is a contraction mapping under the norm
Applying Itô's formula to − |̂( )| 2 and taking the expectation, we have
Then by (H2.2), we obtain (A.17)
Substituting (11) and (13) (A.18)
